We study heating effects in a chain of weakly coupled grains due to electron-hole pair creation. The main mechanism for the latter at low temperatures is due to inelastic electron cotunneling processes in the array. We develop a quantitative kinetic theory for these systems and calculate the array temperature profile as a function of grain parameters, bias voltage or current, and time and show that for nanoscale size grains the heating effects are pronounced and easily measurable in experiments. In the low-and high-voltage limits we solve the stationary heat-flux equation analytically. We demonstrate the over-heating hysteresis in the large-current or voltage regimes. In addition we consider the influence of a substrate on the system which acts as a heat sink. We show that nano dot chains can be used as highly sensitive thermometers over a broad range of temperatures.
I. INTRODUCTION
Great efforts in contemporary materials science research focus on the understanding of thermal properties of nanoscale devices [1] [2] [3] [4] [5] [6] . The electron transport through arrays of nanogranular systems is well understood [7] [8] [9] [10] [11] [12] [13] at small currents when the charge carriers have enough time to equilibrate their temperature with the temperature of the phonon bath. It is known that most of the transport characteristics of the system, e.g., the resistance, are in fact very sensitive to the temperature of the electronic excitations in the granules. It is much less known about self-heating effects in these systems when the current is not very small and the charge flow makes the internal temperature different (higher) than the temperature of the phonon bath. Understanding of the heating effects on properties of nanodevices is especially important for practical applications. In addition, recent experimental research [14] [15] [16] has focused on the application of the thermal properties of low-dimensional devices for efficient power generation. Granular thermoelectric materials have the advantage that one can control the system parameters and therefore the device properties. Due to the high sensitivity of the resistance of granular materials on temperature these materials are good candidates for broad band temperature sensors that can operate with high resolution from cryogenic up to room temperatures. This defines an urgent quest for a quantitative description of heating effects on properties of nanodevices.
In this paper we investigate the effect of inelastic cotunneling on heating of weakly coupled nano dot chain of length N coupled to two leads (see Fig. 1 ). We calculate the grain temperature profile as a function of grain parameters, bias current, and time for different system setups of one-dimensional chains, which may or may not be coupled to a substrate through electron-phonon collisions.
Each grain is characterized by two energy scales: (i) the mean energy level spacing δ and (ii) the charging energy E c = e 2 (4πκǫ 0 a) −1 , where κ is the relative static permittivity of the grain material. We concentrate on the case of metallic grains which are most commonly encountered in applications satisfying the inequality E c ≫ δ.
In addition to the above energy scales the system under consideration is characterized by the tunneling conductances g (i)
t . In this paper we concentrate on the regime of Coulomb blockade, meaning that the tunneling conductances are much smaller than the quantum conductance, g (i)
t ≪ 1. Our considerations are valid for temperatures δ < T < E c . depends on these temperatures and on the applied current or voltage. The main mechanism of heating in the grain due to inelastic cotunneling processes is depicted by the electronhole pairs inside the grain which have a typical energy of T (i) g . The colors of the grains show a typical distribution of grain temperatures throughout the system: the coldest grains are close to the leads and the hottest in the middle of the chain.
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II. MECHANISM FOR GRAIN HEATING
In the considered low temperature region, the only transport mechanism contributing to grain heating is due to inelastic cotunneling. Cotunneling allows simultaneous charge transport through several junctions by means of cooperative electron motion. Single cotunneling ( Fig. 1) , introduced in Ref. [18] , see also the review 19 , provides a conduction channel at low applied biases, where otherwise the Coulomb blockade arising from electron-electron repulsion would suppress the current flow. The essence of a cotunneling process is that an electron tunnels via virtual states in intermediate granules thus bypassing the huge Coulomb barrier. This can be visualized as coherent superposition of two events: tunneling of the electron into a granule and the simultaneous escape of another electron from the same granule. There are two distinct mechanisms of cotunneling processes, elastic-and inelastic cotunneling. Elastic cotunneling means that the electron that leaves the dot has the same energy as the incoming one. In the event of inelastic cotunneling, the electron coming out of the dot has a different energy than the entering electron. This energy difference is absorbed by an electron-hole excitation in the dot, which is left behind in the course of the inelastic cotunneling process, depicted in Fig. 1 . Below we concentrate on inelastic cotunneling because only this transport mechanism contributes to heating effects. In particular, elastic cotunneling and sequential tunneling do not create electron-hole pairs in the grain.
For the quantitative description of the non-equilibrium effects leading to the heating of the chain, we consider (i) the heating due to electric resistance, (ii) the heat removal due to electron and phonon thermal conductivities, and (iii) in some cases the electron-phonon coupling of the array to a substrate. The electric conductivity and the electronic part of the thermal conductivity are governed by inelastic cotunneling processes. Using all these ingredients we can write down the kinetic equation for the grain temperatures in the following section, describing the time evolution and final temperature profile over the chain.
III. KINETIC HEAT EQUATION
For the temperatures of each grain i in the array we can write down the following kinetic equation
where c
g ν is the heat capacitance of each grain with ν = 1/(a 3 δ) being the density of states in the grain; ∂T
g /∂t describes the change of the grain temperatures
in is the cotunneling conductance (defined below) for grain i, V (i) being the voltage drop and a the grain size; κ (i) is the thermal conductivity, with
in is the electron and κ (i) ph the phonon contribution to the thermal conductivity: for a single metallic grain weakly coupled to its neighbors or the leads these given by the following expressions 7, 17, 18, 20, 21 
In Eq. (2b) and (2c) γ e/ph are numerical coefficients (γ e = 32π 3 /15 and γ ph = 8π 2 /15, see [17] ), l ph the phonon mean free path l ph ∼ a, and Θ D the Debye temperature. Notice, that the temperature entering Eqs. (2) is the grain temperature, T t are to be understood as the averaged quantities g
, with i ± 1/2 denoting the tunneling barriers right/left of grain i.
The symbol∇ in Eq. (1) refers to the discrete gradient along the chain. The last term in the r.h.s. of Eq. (1), P s (i) describes the heat dissipation from grain i due to electron-phonon coupling of the array to a substrate and is given by
with T s being the substrate temperature and Σ s the electron-phonon coupling constant, which is of the order 10 4 W/(m 3 K 5 ). This electron-phonon term is written for the clean case meaning that the phonon mean free path λ ph is smaller than the electron length, λ ph < l el ,
? . Here, we notice that the applied current density j does not influence the substrate term.
Equation (1) has a transparent physical meaning: The energy of the electron-hole pair is released as heat, see also Fig. 1 whereas the thermal conduction to the leads removes the heat from the grain array until a steady state is reached. The typical energy of electron-hole pairs is of order of the grain temperatures, T 
, (4) where we introduced the current as
a which is constant through the whole chain. Although this equation is equivalent to Eq. (1) it has a different physical interpretation, since it describes the heat flux through the granular array. In the following we consider the case of constant current.
A. Kinetic heat equation in dimensionless units
It is convenient to rewrite the kinetic Eq. (4) in dimensionless units. Temperatures and voltages are measured in units of the first lead temperature T 1 and the time scale is in units of mean energy level spacing δ, i.e.
where
, T s are the grain, second lead, and substrate dimensionless temperatures, τ the dimensionless time, and V (i) the dimensionless voltage drops across grain i. We also write the conductivities, Eqs. (2), as
where the 'tilde' expressions are dimensionless. The dimensionless current is then
and we define the dimensionless thermal conductivity as
where we introduced the dimensionless parameters
Substituting Eqs. (6) back into Eq. (4) we obtain the following dimensionless heat equatioñ
where∇ is the dimensionless gradient and the dimensionless electron-phonon coupling term to the substrate is
Equation (9) is the main equation which is considered in the following.
B. Discrete kinetic heat equation
Here we present the explicit expression of the kinetic heat Eq. (9) for the discrete chain of grains. First, we derive an expression for the dimensionless voltage drop on grain (i), which follows from
t ) 2 , leading to
with
The total voltage drop over the chain is then V tot = i V (i) . The l.h.s of Eq. (9) is explicitly given by (written as central differences; cf. also Eq. (23) 
Using Eqs. (10) and (7) we obtain for the gradient of thermal conductivity∇κ (i) the following expressioñ
(12) Here we took into account the fact that the tunneling conductance g
t is an averaged quantity for a particular grain (i), with
where V (i) is given by Eq. (10). Using Eqs. (11)- (13) we solve the kinetic heat Eq. (9) numerically for different situations. In the simulations we keep the lead temperatures
fixed and integrate (9) until a steady state is reached. For the initial condition of the grain temperatures we choose a linear interpolation from T 1 to T 2 .
C. Kinetic heat equation: Stationary case
Before solving kinetic heat Eq. (9) for the dimensionless temperatures T (i) g (τ ) vs. time τ exactly, we discuss its stationary solution corresponding to large times, τ ≫ τ * , where τ * is some characteristic time scale which we will discuss in section III E. We also consider only the case P s (i) = 0 (no coupling between the array and the substrate) in this section. In other words we first estimate how pronounced the effect of inelastic cotunneling on grain heating is. For large times the grain temperature reaches some constant steady state value,
i.e. ∂T (i) * g /∂τ = 0. In this section we consider only the stationary case and suppress the superscript * in the following. Using Eq. (9) we obtaiñ
In the limiting cases of low voltage ( (11) we go over to the straight forward continuum approximation, i.e. the grain index i goes over in coordinate x and the discrete gradients become continuum ones.
Low voltages
We first consider the stationary solution, Eq. (15), in the limit of small voltages, V ≪ T g . Using Eqs. (2), (6) and (15) we obtain∇ where we introduce the notation Υ 
leading to the solution z = Υ L T 2 m − T 2 g , with T m being the integration constant, physically meaning max x T g (x) which has the coordinate x m , i.e. T m = T g (x m ). Using this solution we obtain the following differential equation for the dimensionless temperature
Integration of this equation
leads to the following solution
Introducing the new variable y = T 2 g /T 2 m , Eq. (19) can be written as follows
The positive root of Eq. (20) reads
where we introduced Chebyshev's cubic root function, see Appendix A
Using Eq. (21) for the dimensionless grain temperature we finally obtain
where parameter Υ L is defined below Eq. (16) . For the symmetric case (both lead temperatures are equal, T 1 = T 2 ) Eq. (23) is plotted in Fig. 2 . One can see that the maximum temperature T m is reached in the middle of the chain.
High voltages
Here we discuss the stationary solution, Eq. (15), in the limit of small temperatures, T g ≪ V. Using Eqs. (6) and (15) we obtain the following equatioñ
where we introduce the notation Υ 
leading to the solution z = Υ H T 2 m − T 2 g . Equation (25) is similar to Eq. (17) obtained in the large temperature limit. The solution of Eq. (25) reads
D. Temperature-voltage dependence
As mentioned in the introduction the chains of nano dots can be used as highly sensitive thermometers from cryogenic up to room temperature. In order to demonstrate this, we studied the total voltage drop, V tot , on the chain for different substrate T s or lead T 2 temperatures. The numerical results for V tot are shown in Fig. 4 for T s and T 2 in the range from 10K to 50K. As one can see, the chains are particularly sensitive if the substrate (sample) 
FIG. 4. (Color online) Voltage dependence of nano dot chain
Vtot vs substrate temperature Ts (top) and right lead temperature T2 (bottom) for different tunneling conductances gt. All plots are for applied current density j = 1A/cm 2 , left lead temperature T1 = 10K, and chain length N = 100. In the upper panel the electron-phonon coupling constant is Σs = 10 3 W/(m 3 K 5 ). In the lower plot the electron-phonon coupling is switched off, apart from the dotted blue curve marked with gt = 0.1, Σs = 10 3 W/(m 3 K 5 ) which is coupled to a substrate at Ts = 10K.
is slightly above the lead temperature. It is clear that the sensitivity is reduced if only one lead is used as temperature sensor. In the case of the substrate sensor, the sensitivity range can be tuned by the tunneling conductance of the chain. Another important issue for applications as temperature sensors is the response time of the device. In the case of the chain of grains, this response time can be reduced by (i) increasing the current density, j, (ii) having a better electron-phonon coupling to the sample, i.e. larger Σ s , (iii) or smaller tunneling conductances, g t ; see next section. Timescales of several nanoseconds are typical for not too long chains. The length of the chain can be adjusted for best sensitivity and fastest response time.
E. Kinetic heat equation: Dynamic case
In this section we estimate the characteristic dimensionless timescale τ * [see Eq. (5)] associated with the heating of nano dot chain due to inelastic cotunneling. We define τ * as the typical timescale to reach the maximum temperature T * m in the chain, T * m = max i T The typical timescale t * to reach the steady state value T * m is shown for tunneling conductance gt = 0.5 and current density j = 1A/cm 2 (solid, red curve). For comparison also the graphs for two different substrate coupling are shown: for larger coupling the typical timescale t * is reduced. The plot also shows the time evolution of Tm(t) for different gt and j (see legend) for zero electronphonon coupling (no substrate): for smaller gt or larger j, the timescale t * can be decreased as well.
low voltages V ≪ T. Using the fact that for symmetric case (both leads have the same temperature, T 1 = T 2 ) the maximum temperature T m is located in the middle of the chain (i = N/2), meaning that∇T m = 0, and using Eq. (9) in the absence of a substrate, P s (i) = 0, we obtain the following equation
Integrating Eq. (27) for a given fixed current ι and using Eq. (6) for the dimensionless conductivityσ (N/2) in we obtain the following result
Here the maximum temperature T * m is implicitly defined by the following equation [see also Eq. (23)
The solution of Eq. (29), T * m vs number of grains, N , and T * m vs. tunneling conductance, g t , is shown in Fig. 6 .
IV. OVER-HEATING HYSTERESIS
If the rate of the energy supply from the external bias to the charge carriers exceeds the rate of energy losses to the environment, the phenomenon of overheating appears and the energy distribution function of the current carriers noticeably deviates from the equilibrium distribution function. 22, 23 One of the characteristic manifestations of the overheating effect is the onset of the "falling" region of the I-V curve where the differential conductivity G = ∂I/∂V < 0. The corresponding I(V ) characteristics is referred to as that of the S-type if the current is the multi-valued function of the voltage, and the I-V curve of the N -type corresponding to the case where the current is nonmonotonic but still remains a single valued function of the voltage. The phenomenon of overheating has been a subject of the incremental interest and extensive studies during the decades, see review of Volkov and Kogan, 22 and the impressive progress in understanding of the underlying mechanisms was achieved. Recently it was suggested 24 that the mechanism of heating instability described in detail in Ref. Using Eq. (9) we simulate the hysterestic overheating behavior in chains of nano-grain arrays. We first increase the current from j = 0A/cm 2 to 5A/cm 2 and then decrease it back to zero. The results are shown in Fig. 7 . One can see a pronounced hysteretic behavior of both the total voltage drop V tot and the maximum chain temperature T * m . It is important to remark that this hysteretic behavior disappears for shorter chains. 
V. DISCUSSIONS
In all simulations throughout this work, we use typical experimental parameters to estimate the heating effects on a chain of weakly coupled grains and presented all equations in either SI or dimensionless units. In particular we used the following physical parameters: the grain size a = 10nm, Debye temperature Θ D ≈ 450K, Coulomb energy E c ≈ 1600K (with relative static permittivity κ = 1), mean energy level spacing δ = 1K, phonon mean free path l ph = a, and tunneling conductance g t ∈ [0.05; 0.5]. Furthermore we simulated typical chains of N = 100 grains (i.e. of a few µm total length).
For the electron-phonon coupling to the substrate we used values of 10 3 or 10 4 W/(m 3 K 5 ) since we want to describe only the weak coupling of the chain to a different substrate. For comparison, typical values for bulk materials are much larger (on the order 10 9 W/(m 3 K 5 ), see e.g. [2] ).
As for the analytical approximations in the low-and high-voltage regions (without substrate coupling) the particular form of the differential and later algebraic equations, allowed us to derive a closed solution using Chebyshev's cube root.
As a first step we calculated the stationary heat profile of the chain under different conditions. It is important to remark that the low-voltage approximation fits very well the full simulation and randomness in the tunneling conductance has only minor effects on the final profile (provided the chain is not "broken" by a very small tunneling conductance.) Furthermore we estimated the characteristic heating timescale t * and maximum temperature T * m in Eq. (28) using the analytical solution and obtained as a result t * ≈ 0.1µs and T * m ≈ 20K. These estimates can be directly compared with our simulations of Eq. (9) for rescaled maximum grain temperature T m (t) vs. time t. The outcome of these simulations is shown in Fig. 5 . One can see that the typical timescale t * to reach the steady state value T * m is of order of 0.1µs. For completeness in Fig. 5 we also presented several different curves T m (t) vs. time t for different tunneling conductances g t and current densities j. In addition, we also presented two curves in the presence of the substrate: for larger coupling the typical timescale t * is reduced. Based on the above there is a good agreement between our estimates and simulations. At this point we note that in general the kinetic heat Eq. (9) has an additional term proportional to the thermoelectric coefficient. Recently, thermoelectric properties of weakly coupled granular arrays were studied 5, 17 . In particular, in Ref. [17] we estimated the thermoelectric and Seebeck coefficients. It was found that the thermoelectric coefficient has an additional small factor proportional to T /E F ≪ 1 compared to the electric and thermal conductivities, where E F is the Fermi energy, i.e., for the temperatures under consideration this additional term in Eq. (9) would be about three orders of magnitude smaller than the others.
In conclusion, we have studied heating effects in onedimensional chains of quantum dots due to inelastic electron cotunneling using a kinetic heat equation. In the low and high voltage limits we solved the stationary heat equation analytically. We demonstrated the possible application of chains of nanograins as highly sensitive thermometers and estimated the typical timescale to reach a steady heat profile in these chains. Finally, we showed the over-heating hysteresis in the large-current or voltage regimes. The influence of the electron-phonon coupling of the chain to a substrate was considered numerically and has pronounced effects on the stationary heat profile, the typical timescales to reach it, and the thermometric and hysteretic behavior. 
Appendix A: Cube roots
Here we discuss the positive roots of the cubic equation
The roots of the cubic equation can be always found analytically however the expressions are quite cumber- 
The graph of C 1/3 is shown in Fig. 8 
